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Abstract 
 
Wastewater is usually treated biologically, and a by-product from this treatment is waste-activated 
sludge with high water content. It is therefore economically viable to dewater the sludge in order to 
reduce the volume for handling and disposal, and to minimise the water content before incineration 
of the sludge. However, the dewatering process is expensive, i.e. 30 – 50 % of the total operational 
costs for wastewater treatment are related to the dewatering process. Thus, optimisation of the 
dewatering process is of great interest. 
 
A method for sludge dewatering is filtration. The key objectives in filtration dewatering are a high 
filtrate flux and high dry matter content in the filter cake that is formed during the filtration. Pre-
treatment of the feed, such as addition of salts and/or polymers, regulation of pH, and heating, can 
be used to optimise the process. Furthermore, it is possible to change process parameters such as 
applied pressure and volume of activated sludge per filter media area. Therefore, it is important to 
know how these parameters influence the filtration performance. Mathematical models exist that 
can be used to simulate filtrations. These models have been tested on inorganic particles such as 
titanium dioxide, kaolin, and bentonite, and they have been used to scale up filtrations of minerals. 
Nevertheless, it is difficult to find similar examples where the filtration models have been used to 
scale-up filtrations of activated sludge. This suggests that the assumptions, made for the state-of-art 
models, are not being fulfilled when filtrating sludge. Thus, a study of dewatering of activated 
sludge has not only practical implication but also principal and theoretical implications. 
 
The filtration performance is mainly determined by the filter cake properties, and in this study 
methods have been developed to investigate the properties of waste-activated sludge filter cakes. It 
has been shown how the average specific filter-cake resistance and the average filter-cake 
compressibility can be calculated during the consolidation stage from measurements of the liquid 
pressure at the sample-piston interface. The method has been tested on titanium dioxide and later 
used to study activated sludge filter cakes. Furthermore, experiments have been performed where 
the pressure (creep experiments) or the filter cake thickness (stress relaxation experiment) was kept 
constant. These experiments show that there is no unique relationship between pressure and dry 
matter.  
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In order to study this phenomenon in more detail, poly(styrene-co-acrylic acid) (poly(ST-co-AA)) 
latex particles have been synthesised. Poly(ST-co-AA) latex particles consist of a hard polystyrene 
core and a soft/deformable water-soluble polyacrylic acid shell. The latex particles therefore contain 
water, as do the sludge flocs whereas they in this perspective deviate from hard inorganic particles. 
Moreover, latex particles form filter cakes that creep, as does activated sludge. The retardation time 
due to creep deformation (Θ3) increases with the acrylic acid content in the latex particles. Thus, it 
is possible to vary Θ3 and study how such changes influence the accumulation stage, i.e. the time 
until the piston touches the filter cake. Pressure and dry matter profiles have been measured through 
such filter cakes and results indicate that the time dependent compression of the filter cake is 
present during the accumulation stage and not only during the consolidation stage. 
 
When using the conventional filtration models it is usually assumed that a unique relationship 
between pressure and dry matter exists and the reason why it is difficult to use the existing filtration 
models to simulate filtrations of activating sludge may be that this assumption is incorrect. Based 
on the results from this study, a modified filtration model has been developed. A viscoelastic 
expression has been suggested for calculating the pressure profile in the filter cake, which is easily 
incorporated in the existing filtration models. Two new input parameters are introduced, and it is 
shown how stress relaxation experiments can be used to find both parameters. All other input 
parameters can be determined in the same way as done for the conventional filtration models. 
Numerical simulations show that the modified filtration model fits filtration data for waste-activated 
sludge, well. Furthermore, it has been shown that the model is capable of being scaled with respect 
to volume and dry matter concentration in the feed suspension. This is important if the model is to 
be used for dimensioning of sludge-dewatering plants. Moreover, it has been shown how simple, 
well-characterised materials can be synthesised and used to study the influence of physicochemical 
properties of solid particles on filter cake viscoelasticity. This knowledge can be used to improve 
pre-treatment and dewatering of sludge. 
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Dansk resume (Danish abstract) 
 
Spildevand behandles som ofte biologisk og et restprodukt fra processen er biologisk slam med et 
højt vandindhold. På grund af det høje vandindhold er det rentabelt at afvande slammet inden den 
efterfølgende behandling, opbevaring og eventuelle afbrænding. Udgifterne til afvandingen udgør 
dog mellem 30 – 50 % af de samlede udgifter til spildevandsrensningen, hvilket gør det interessant 
at undersøge mulighederne for at optimere afvandingsprocessen.  
 
En vigtig metode til at afvande biologisk slam er filtrering. Under filtrering er det vigtigt at opnå en 
hurtig afvanding samt et højt tørstofindhold i den filterkage, der dannes under filtreringen. Det er 
blandt andet muligt at optimere filtreringsprocessen ved at forbehandle slammet for eksempel ved 
tilsætning af salt, tilsætning af polymer, regulering af pH, og/eller opvarmning af slammet. Det er 
desuden muligt at ændre operationsparametrene for eksempel påsat tryk og slamvolumen pr. 
filterareal. Der findes en række filtreringsmodeller, der kan anvendes til at simulere 
filtreringsprocesser med henblik på at optimere disse. Filtreringsmodellerne er testet på uorganiske 
stoffer såsom titaniumdioxid, kaolin og bentonit, og anvendes til at opskalere filtreringer af 
mineraler. Det er derimod svært at finde lignende eksempler for biologisk slam. Det forhold kan 
skyldes, at en eller flere af de antagelser, der er foretaget i forbindelse med udledningen af de 
eksisterende filtreringsmodeller, ikke er opfyldt for biologisk slam.  
 
I denne afhandling er egenskaberne af slamfilterkager undersøgt. Det er vist, hvordan det er muligt 
at måle filterkagemodstand og sammentrykkelighed under konsolideringen ved at introducere en 
tryktransducer til filtreringsudstyret samt et rør, der forbinder tryktransduceren med 
filtreringsstemplet. Metoden er testet på titaniumdioxid og senere brugt til at undersøge 
slamfilterkager. Der er ligeledes udført forsøg, hvor henholdsvis tryk (creep eksperimenter) og 
kagetykkelsen (stress relaksation eksperimenter) holdes konstant. Disse forsøg har vist, at der ikke 
er en entydig sammenhæng mellem tryk og tørstof. Det vil sige tørstoffet i slammet ændrer sig ikke 
kun som funktion af tryk men også som funktion af tid. 
 
For at undersøge fænomenet yderligere, er der syntetiseret latexpartikler med en kerne af polystyren 
og en ydre skal bestående af polyakrylsyre. Polyakrylsyre skallen optager vand, hvis pH hæves og 
latexpartiklerne afviger dermed fra de hårde uorganiske stoffer. Derimod er der en vis lighed med 
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slamflokkene, der også indeholder vand og er bløde/deformerbare. Poly(styren-co-akrylsyre) 
latexpartikler danner ligesom biologisk slam filterkager der udviser tidsafhængig deformation 
(creep). Den karakteristiske tid for denne deformation (Θ3) er afhængig af akrylsyreindholdet i 
latexpartiklerne. Ved at ændre indholdet af akrylsyre har det derfor været muligt at variere Θ3 og 
undersøge hvordan dette påvirker filtreringen. Der er udført forsøg, hvor tryk- og 
koncentrationsprofiler er målt ned gennem filterkagen, og resultatet viser at den tidsafhængige 
sammenpresning af filterkagen er til stede under filtreringen og ikke kun under konsolideringen.  
 
I de filtreringsmodeller, der normalt anvendes, antages det imidlertid, at der er en entydig 
sammenhæng mellem tryk og tørstof og det kan derfor tyde på, at de eksisterende 
filtreringsmodeller ikke er gode til at simulere filtreringsforløbet for biologisk slam, fordi denne 
antagelse ikke er opfyldt. Baseret på en række forsøg er der derfor udviklet en modificeret 
filtreringsmodel, der gør det muligt at simulere filtreringer af suspensioner. Et viskoelastisk udtryk 
er foreslået til at bestemme trykprofilen ned gennem filter kagen og kan let indsættes i de 
nuværende filtreringsmodeller. Der er introduceret to nye parameterkonstanter, og det er vist, 
hvordan stressrelaksationsforsøg kan anvendes til at bestemme begge konstanter. De øvrige 
konstanter i modellen kan bestemmes ved brug af de metoder, der anvendes, når de konventionelle 
filtreringsmodeller benyttes. Numeriske simuleringer viser, at det er muligt at simulere 
filtreringsforløbet for slam ved brug af den modificerede model. Desuden er det muligt at skalere 
med hensyn til tørstofkoncentrationen og/eller prøvevolumenet. Det er vigtigt, hvis modellen skal 
bruges i forbindelse med dimensionering af slamafvandingsanlæg. Det er desuden vist, hvordan 
simple velkarakteriserede materialer kan syntetiseres og anvendes til at undersøge hvordan 
partiklernes fysisk-kemiske egenskaber påvirker filterkagers viskoelasticitet. Denne viden kan 
bruges til at forbedre forbehandling og afvanding af biologisk slam. 
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1. Introduction 
Dewatering is an important chemical unit operation and is widely used for example on wastewater 
treatment plants. Wastewater is usually treated biologically, and a by-product from this treatment is 
waste-activated sludge with high water content (95 – 99% w/w) (Winther et al. 2004). It is therefore 
economical viable to dewater sludge in order to reduce the volume before handling and disposal, 
and/or to minimise the water content before incineration of sludge (Dirkzwager et al. 1997; 
Sørensen and Sørensen 1997; Gurjar 2001). The dewatering process is one of the most expensive 
processes on wastewater treatment plants. It has been reported that 30 – 50% of the total operational 
costs for wastewater treatment is related to the dewatering process (Parker et al. 1972; Sørensen 
1992). Thus, optimisation of the dewatering process is of great interest. 
 
The dewatering process can usually be divided into three stages: 
  
1. Pre-treatment 
2. Mechanical dewatering 
3. Drying 
 
Pre-treatment includes adjustment of pH, heating, aeration, mechanical agitation, addition of 
coagulants (iron, aluminium or lime), and addition of flocculants (synthetic water soluble polymers) 
(Parker et al. 1972; Kang et al. 1990; Novak et al. 1999; Harbour et al. 2001; Chen et al. 2004; 
Neyens et al. 2004; Saveyn et al. 2005). This stage is important as it improves the performance of 
the following dewatering processes considerably (Wakeman and Tarleton 1999; Neyens et al. 
2004).  
 
Mechanical dewatering includes a range of sedimentation, centrifugation and filtration processes 
(Wakeman and Tarleton 1999; Gurjar 2001). Moreover, these processes can be combined i.e. 
sedimentation followed by filtration.  
 
Drying is used when a product with low water content (< 40% w/w) is wanted, for example for 
incineration of sludge (Dirkzwager et al. 1997). The drying process is expensive as water is 
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evaporated from the solid material. Thus, low water content after the mechanical dewatering will 
normally lower the cost of the whole dewatering process.  
 
Alternatively, sludge can be dewatered naturally for example by using drying beds or sludge 
lagoons (Gurjar 2001). The sludge dewatering is then achieved by draining and evaporation of 
water (Gurjar 2001).  
 
The focus in this report is mechanical dewatering and more specifically filtration processes, where 
the key objectives are a fast filtration and low water content in the dewatered filter cake. The 
filtration time and the water content can often be lowered by changing the pre-treatment procedure 
i.e. the amount of salt and polymer added to the sample (Parker et al. 1972; Novak et al. 1999). It is 
also possible to improve the filtration process by changing the applied pressure, the amount of filter 
cake deposited per unit area, and the type of filter media. However, in order to do this, it is 
important to know how different changes influence the filtration process. This is often only possible 
if a range of small-scale filtration experiments has been performed, as it is difficult to predict 
filtration time and dry matter content directly from the physicochemical properties of the solid 
particles and of the liquid. The slurries that are filtrated often consist of a complex mixture of 
different organic and inorganic materials, whereas the filtration models, that have been developed to 
simulate the filtration processes, are based on filtration experiments performed on hard, low 
charged, inorganic particles such as titanium dioxide, kaolin, or bentonite. These conventional 
filtration models are suitable for scaling up the dewatering process when minerals, such as kaolin, 
are filtrated (Eberl et al. 1996). However, it is difficult to find similar examples where the filtration 
models have been successfully used to scale-up a filtration process where organic materials such as 
waste-activated sludge have been filtrated. The reason might be that it is impossible; as the 
assumption in the state-of-art models is not satisfied when activated sludge is filtrated.  
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2. Objective 
The aim of this project is to improve existing filtration models in order to simulate filtrations of 
activated sludge as well as other slurries or suspensions with similar properties.  
 
It is well known from literature that filter cake properties control the filtration performance (See 
section 3). A filtration apparatus has recently been developed in which the liquid pressure is 
measured at the sample-piston interface giving measurements at the top of the filter cake during the 
consolidation stage, where the piston touches the filter cake. The first task is to develop new 
methods to characterise filter cakes for example by using this additional information. 
 
The complexity of sludge makes it difficult to study how different physicochemical properties 
affect the filter cake and thereby the filtration. However, such knowledge is of great value in order 
to optimise the sludge dewatering process and to develop filtration models. The next task is to 
synthesise simple, well-characterised organic compounds and use these to study how 
physicochemical properties of the solid particles influence the filter-cake properties. Comparison 
can then be made with results for sludge. 
 
The third task is to develop a new filtration model and methods to determine the input parameters 
based on the above studies and a series of sludge filtrations.  
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3. Existing knowledge 
 
3.1. Filtration theory 
The principle of filtration is pressing a suspension towards a filter medium permeable to the liquid 
phase but impermeable to the solid particles. Solid particles therefore deposit on the filter medium 
forming a porous filter cake, and the dewatering rate is mainly determined by the permeability of 
the filter cake. The permeability is a function of the filter cake solidosity, i.e. the solid volume 
divided with the total volume. Further, the solidosity is a function of the effective pressure, i.e. the 
force acting on the particle network divided with the area perpendicular to the liquid flow (Tiller 
and Leu 1980). The increase of the solidosity with effective pressure has been defined as the filter 
cake compressibility. The basis for all filtration theory, as well as other forms of mechanical 
dewatering processes, is therefore the filter cake permeability and the filter cake compressibility. 
These two concepts will be described in the following two sections based on the existing filtration 
theory developed for hard, low charged, inorganic particles. 
 
 
Permeability 
The filter cake permeability (kp) is given implicit from Darcys law as the ratio between the liquid 
flow (q) and the pressure gradient (dpL/dx). The Darcys law is given as Eq. (3.1) if the system is 
defines as shown in Figure 3.1.  
 
 
 
 
 
 
 
 
 
Figure 3.1: Schematic diagram of cake filtration with spatial (x) and material (ω) coordinates. 
 
dω ωc                             L ω 
  Filter medium
        Filter cake   q 
              Slurry 
dx 
x 
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( )
dx
dp
µ
k
q Lp1 ⋅=−⋅= φν         (3.1) 
 
The Darcys law has later been modified by introducing Lagrangian (material) coordinates (ω) 
instead of Eulerian (space) coordinates, and a specific filter-cake resistance (α) instead of the 
permeability, whereby 
 
ωα d
dp
µ
q L1 ⋅=          (3.2) 
  
and  
 
dxd ⋅⋅= sρφω          (3.3) 
 
The relationship between the permeability and the local specific filter-cake resistance can be 
derived by inserting Eq. (3.2) and (3.3) into Eq. (3.1), whereby 
 
αρφ ⋅⋅= sp
1k          (3.4) 
 
An expression for the local specific filter-cake resistance has been derived theoretically for hard, 
spherical, mono-sized, non-charged particles in the dilute limit with no direct and/or indirect (i.e. 
hydrodynamic) interaction between the individual particles (Happel 1958). The frictional drag on 
each particle is then given by Stokes law if the motion of the liquid relative to the particles is slow 
(Re < 0.2), whereby Eq. (3.5) is obtained (Happel 1958). 
 
dx
dp
µ
Dq L
2
18
⋅⋅⋅= φ         (3.5) 
 
Inserting Eq. (3.2) and (3.3) into (3.5) yields Eq. (3.6). 
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0,18 2
s
→⋅= φρα forD         (3.6) 
 
Nevertheless, the solidosity of interest in filtration processes usually ranges from 0.2 to 0.65 where 
the direct and/or indirect interaction between the particles is not negligible. Thus, the actual local 
specific filter-cake resistance is higher than that calculated from Eq. (3.6), and a dimensionless 
interaction parameter, r(φ) can be introduced to correct for interaction effects. 
 
( ) 2
s
18
D
r ⋅⋅= ρφα         (3.7) 
 
The interaction parameter is slightly modified with respect to the interaction parameter introduced 
by Buscall and White (1987), and has the following properties: r(φ) → 1 for φ → 0, dr(φ)/dφ > 0, 
and r(φ) → ∞ for φ → 1.  
 
In order to calculate the local specific filter-cake resistance, the relationship between the interaction 
parameter and the solidosity has to be known. There exist different semi-theoretical expressions for 
this relation (Carman 1938; Brinkman 1947; Happel 1958). The two most commonly used when 
modelling filtration processes will be described here shortly: 1) the Kozeny-Carman model and 2) 
the Happel spherical cell model.  
 
Kozeny and Carman modelled the flow through sand-beds regarding the bed as equivalent to a 
bundle of circular, parallel, discrete capillary channels to which the Hagen-Poiseuilles equation can 
be applied (Carman 1938). This can be transformed into the following expression for the interaction 
parameter: 
 
( ) ( )312 φ
φφ −⋅⋅= Kr         (3.8) 
    
where the Kozenys constant, K, has been measured to 5.0 ± 10% for spherical particles with a 
hydrodynamic diameter larger than 5 µm (Carman 1937). For other particle geometries K varies 
between 3 and 6. Yet K is not constant as function of solidosity (Coulson 1949), and the Kozeny-
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Carman model does not satisfactory apply to compressible filter cake consisting of flocculated 
particles, where the local specific filter-cake resistance increases more rapidly than predicted (Grace 
1953). In addition, the interaction parameter r(φ) → 0 and not 1 in the dilute limit. 
 
Happel and Brenner (1965) have developed a model based on a spherical cell model and the Navier-
Stokes’ equation. The interaction parameter is then given in Eq. (3.9). 
 
( ) 23/53/1
3/5
6996
46
φφφ
φφ ⋅−⋅+⋅−
⋅+=r        (3.9) 
  
which satisfy that r(φ) → 1 for φ → 0, dr(φ)/dφ > 0, and r(φ) → ∞ for φ → 1. The cell model agrees 
closely with the Kozeny-Carman model in the solidosity range from 0.3 < φ < 0.6 (Happel 1958; 
Wakeman and Tarleton 1999). Thus, the spherical cell model also underestimates the increase of the 
specific filter-cake resistance with solidosity for compressible filter cakes consisting of flocculated 
particles. Constitutive equations have therefore been used as well as the semi-theoretical 
expressions (Eberl et al. 1996; Lee and Wang 2000). One such equation is obtained by combining 
two constitutive equations (Tiller and Kwon 1998). 
 
mφαα ⋅= 0          (3.10) 
 
where m has been estimated to be 5 ± 2 (standard deviation) using data from 20 different filtration 
experiments (Tiller and Yeh 1987; Fathi-Najafi and Theliander 1995; Theliander and Fathi-Najafi 
1996; Tiller and Kwon 1998; Teoh et al. 2001; Teoh et al. 2002).  
 
These data are shown in Figure 3.2. It is interesting to notice the Gaussian distribution of the 
experimental data, although the experimental data are obtained for a broad range of different 
inorganic and organic compounds. 
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Figure 3.2: The cumulative distribution function of m calculated from 20 different filtrations 
(triangle). The Gaussian distribution has been fitted to the experimental data (solid line).  
 
Other constitutive equations have been used as well (Eberl et al. 1996): 
 
m)1(0 φαα −⋅=          (3.11) 
 
and  
 
φ
αα
φ
−
⋅=
1
100
m
         (3.12) 
 
Thus, the specific filter-cake resistance increases with solidosity, and the filter cake compressibility 
is therefore also an important factor when modelling filtrations. 
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Compressibility 
Flocculated or single particles in a suspension move freely at low solidosity, whereas the particles 
become interconnected and fixed in a solid-like network structure at higher solidosities. The 
concept of a threshold solidosity, where the particles just forms a continuous network, has therefore 
been introduced and denoted the gel point, φgel (Buscall and White 1987; Landman and White 
1994). The concept has further been described and discussed in the literature (Koenders and 
Wakeman 1997a; Tien 2002).  
 
The solid-like network structure can support stress elastically up to a given effective pressure, 
defined as the compressive yield stress Py(φ) (Buscall and White 1987). Further, the network 
structure collapses irreversibly at effective pressures above Py(φ) due to breaking and 
rearrangement of bounds between the particles and/or formation of more contact points between the 
particles (Eberl et al. 1996). Py(φ) increases with solidosity. Hence, the network structure 
consolidate until the effective pressure equals Py(φ). The dynamic of the compression has been 
given by Eq. (3.13) (Buscall and White 1987) 
 
( )
( ) ( )( ) ( )⎩⎨
⎧
≥−⋅
<= φφφκ
φφ
ysyss
ys
,
0
PpPpp
Pp
dt
d       (3.13) 
 
where κ(φ, ps) is the dynamic compressibility. Generally, it is assumed that κ(φ,ps) is large, i.e. the 
compression of the filter cake is rate-determined by drainage of the liquid, and not by the breaking 
and/or reformation of interparticle bonds (Landman and White 1994). Thus, 
 
)(ys φPp =          (3.14) 
 
in filtration processes, because dps/dt ≥ 0 during the whole process. 
 
The compressive yield stress Py(φ) is an implicit function of the strength of the interparticle bonds 
and the heterogeneity of the network structure (Potanin and Russel 1996; Channell et al. 2000). 
Moreover, the heterogeneity of the formed filter cake depends of the shear history of the 
suspension. Thus, pre-treatment procedures such as mixing and ultrasonication may influence the 
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filtration process (Channell et al. 2000). It has been shown, for example, that shear history of an α-
alumina particle suspension influences Py(φ) up to φ = 0.45 (Channell et al. 2000).  
 
Most of the functions relating Py(φ) with solidosity are purely empirical, e.g. power law expressions 
such as Eq. (3.15) and (3.16) (Buscall and White 1987; Landman et al. 1995). 
 
⎥⎥⎦
⎤
⎢⎢⎣
⎡
−⎟⎟⎠
⎞
⎜⎜⎝
⎛⋅= 1)(
gel
y
n
apP φ
φφ         (3.15) 
 
and  
 
n
apP ⎥⎥⎦
⎤
⎢⎢⎣
⎡ −⎟⎟⎠
⎞
⎜⎜⎝
⎛⋅= 1)(
gel
y φ
φφ         (3.16) 
  
Auzerais et al. (1988) have used Eq. (3.17):  
 
⎟⎟⎠
⎞
⎜⎜⎝
⎛
−⋅= φφ
φφ
m
ay )(
n
pP         (3.17) 
 
Further, Tiller and Leu (1980) used the following constitutive equation for the effective pressure as 
function of solidosity: 
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where φ0 is the solidosity at null effective pressure. Tiller and Kwon (1998) stated that Eq. (3.18) is 
the equilibrium relationship between effective pressure and solidosity based on the assumption of 
slowly changing effective pressures during the filtration i.e. the effective pressure equals Py(φ) as in 
Eq. (3.14). Thus, combining Eq. (3.18) and Eq. (3.14) gives Eq. (3.15), if φ0 is replaced with φgel. n 
has been regarded as a compressibility coefficient, and the coefficient has been used to divide 
 20
materials into three groups: incompressible (n ≈ 0.05), moderately compressible (n ≈ 0.15) and 
highly compressible materials (n ≈ 0.30) (Tiller and Leu 1980). 
 
Semi-theoretical expressions that describe the relationship between solidosity and effective pressure 
also exist. The effective pressure for filter cakes consisting of charged, inorganic, colloidal particles 
(0.1 – 10 µm) has been calculated from the number of interacting particle and analytical expressions 
for the two-particle interactive potential (Koenders and Wakeman 1997a; 1997b). Expressions for 
the two-particle interactive potential have been obtained from the DLVO theory assuming double 
layer repulsion as the only force acting on the particles (Koenders and Wakeman 1997a; 1997b). 
Thus, the potential is a function of particle size, ζ-potential, electrical double layer thickness and the 
distance between the particle surfaces. Furthermore, the surface distance is a function of solidosity 
and the electrical double layer thickness is a function the ionic strength in the suspension. The 
model can thereby give a more fundamental understanding of how pH, particle size, ζ-potential and 
ionic strength influence the compressibility. Nevertheless, the model parameters still have to be 
calculated from experiments.  
 
 
Permeability and compressibility measurements 
The input data of the conventional filtration models are the filter cake permeability and the filter 
cake compressibility. However, the existence of theoretical expressions for the relationship between 
permeability and physicochemical properties of the solid particles is limited and can neither be used 
for complex mixture of particles nor flocculated particles systems. Hence, the permeability 
normally has to be measured directly as function of solidosity. This can be done using a 
compression–permeability (C–P) cell, where a filter cake is compressed until a homogenous filter 
cake is formed (Ruth 1946; Grace 1953). Liquid is then pressed through the filter cake at lower 
pressure and the permeability is calculated from the filtrate flux and the applied pressure (Ruth 
1946; Grace 1953). Such measurements are, however, time consuming, and several experiments are 
needed. Moreover, friction between the filter cake and the side-wall may influence the result (Tiller 
et al. 1972). Alternative methods have therefore been introduced. The most common method is 
constant pressure dead-end filtration, where an average specific filter-cake resistance is calculated 
from measured values of the filtrate volume (Wakeman et al. 1991). The average specific filter-cake 
resistance is defined in Eq. (3.19).  
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where p1 is the effective pressure at the top of the filter cake and p2 is the effective pressure at the 
bottom of the filter cake. Eq. (3.19) is identical to the definition of the average specific filter-cake 
resistance given in Ruth (1946) if the effective pressure at the top of the filter cake is set to zero.  
 
In order to calculate the local specific filter-cake resistance, a constitutive equation describing its 
relationship with the effective pressure is needed; and simple power law or parametric functions 
like Eq. (3.20) and (3.21) have been widely accepted and used (Tiller et al. 1972; Tiller and Yeh 
1987).  
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The C-P method and the constant pressure dead-end filtration method have been compared showing 
a difference in the specific filter-cake resistance of 16% for CaCO3 and kaolin filter cakes (Teoh et 
al. 2002).  
 
The filter cake compressibility has been linked to the shear properties, and experiments show that 
the compressive yield stress has the same power-law dependency of the solidosity as the shear yield 
stress for aluminia suspensions (Channell and Zukoski 1997). Moreover, it has been shown for 
inorganic particles that both the compressive yield stress and the shear yield stress reach a 
maximum at the isoelectric point and decrease in a parabolic manner with pH (Zhou et al. 2001). 
Although the measurement of shear experiment is faster and therefore desirable, the proportionality 
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factor can vary two orders in magnitude (Zhou et al. 2001), and it is difficult to use measurements 
of shear yield stress instead of measurements of compressive yield stress in order to determine the 
filter cake compressibility. The compressibility is therefore most accurately measured directly from 
filtration experiments. The compressibility is usually found by using dead-end filtrations where the 
filter cake is compressed until no more liquid is squeezed out of the filter cake. The dry content of 
the filter cake is then measured and the solidosity calculated from the solid density. The effective 
pressure is assumed to be uniform throughout the filter cake and equal to the applied pressure.  
 
Both methods of determining permeability and compressibility are time consuming. Thus, stepped 
pressure filtration has been introduced in order to reduce the experimental time (Usher et al. 2001). 
Moreover, Sedin et al. (2003) have developed a filtration cell which allows the determination of 
filter cake compressibility and local specific filter-cake resistance by means of the simultaneous 
measurement of local liquid pressure and solidosity at several positions in the filter cake. It is 
assumed that the effective pressure equals the applied pressure minus the liquid pressure. Thus, it is 
possible to measure the effective pressure vs. solidosity relationship directly during the filtrations. 
Moreover, it is possible to calculate the local specific filter-cake resistance if the liquid flow is 
uniform throughout the filter cake. Still, constant pressure dead-end filtration are the most common 
used method for determining filter cake permeability and compressibility and the method will be 
described in more details in the next sections. 
 
 
3.2. Dead-end filtration experiments 
Dead-end filtrations are often divided into three distinct stages: an initial stage, an accumulation 
stage and a consolidation stage (Koenders and Wakeman 1996). The initial stage has been 
described in the literature (Koenders and Wakeman 1996; 1997b), and will not be discussed here. 
The accumulation and the consolidation stage are described separately in the next two sections. 
 
 
Accumulation stage 
The principle of the accumulation stage is shown in Figure 3.3. Liquid is pressed through a filter 
medium whereby solid particles accumulate on the filter medium forming a filter cake of gradually 
increasing thickness (Koenders and Wakeman 1996). Further, the particles in the suspension 
between the piston and the filter cake move freely, and the solidosity is equal to the solidosity in the 
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feed suspension if gravity is negligible. The particles in the filter cake, on the other hand, are fixed 
in a solid network structure i.e. φ ≥ φgel. Hence, the liquid phase has to move relative to the solid 
particles in the filter cake, whereby the liquid pressure decreases and the effective pressure 
increases due to the frictional drag.  
 
 
 
 
 
 
 
 
Figure 3.3: The principle of the accumulation stage 
 
Eq. (3.22) and (3.23) shows how the effective pressure is related to the liquid pressure if the 
pressure loss to the cylinder and gravity are negligible. 
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Hence, the effective pressure distribution through the thickness of the filter cake can be calculated 
from measured liquid pressures at different positions in the filtration cylinder (Wakeman 1981; 
Massuda et al. 1988; Fathi-Najafi and Theliander 1995; Sedin et al. 2003; Tarleton and Hadley 
2003; Christensen et al. 2006b). Such measurements show that the effective pressure is zero at the 
top of the filter cake and increases down to the filter medium. Furthermore, the effective pressure at 
the filter medium (ps,ω=0) is given from the medium resistance (Rmem) and the filtrate flux according 
to the filtration theory cf. Eq. (3.24) (Sørensen et al. 1996). 
ω 
ps 
ω 
φ 
ω 
α 
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The solidosity has been measured at different positions in the filtration cylinder using both 
destructive and non-destructive methods (Hutto 1957; Baird and Perry 1967; Bierck et al. 1988; 
Horsfield et al. 1989; Meeten 1993; Tarleton and Hancock 1996; Tarleton 1999; Sedin et al. 2003). 
A sharp change of the solidosity is usually observed across the interface between the suspension 
and the filter cake. It has, moreover, been shown that the solidosity of compressible filter cakes 
increases from the top of the filter cake to the filter medium.  
 
The local specific filter-cake resistance also increases down through the filter cake as the solidosity 
increases (Sedin et al. 2003). Nevertheless, the average specific filter-cake resistance is often 
calculated instead. The average specific filter-cake resistance is defined in Eq. (3.19) and its 
relationship to the filtrate volume can be derived. Eq. (3.25) is obtained inserting Eq. (3.23) into Eq. 
(3.2) and integrating the equation using the following lower limits: ps = ps, ω=0 at ω = 0 and upper 
limits: ps = 0 at ω = ωc. 
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Inserting Eq. (3.19) and (3.24) into Eq. (3.25) gives Eq. (3.26) if it is assumed that q is constant 
throughout the filter cake. 
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The filter cake thickness (ωc) changes during the accumulation stage and it are usually assumed that 
the filter cake thickness increases proportional with the filtrate volume: 
 
vc ⋅=cω          (3.27) 
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where c can be calculated by using Eq. (3.28) (Wakeman et al. 1991). 
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c is almost equal to the solid concentration in the feed suspension for dilute suspensions.  
 
It is now possible to insert Eq. (3.27) into Eq. (3.28) and integrate the equation. This way Eq. (3.29) 
is obtained if the lower limits are set to zero and it is assumed that the average specific filter-cake 
resistance is constant during the accumulation stage. 
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Moreover, Eq. (3.30) can be derived if the filter media resistance is low compared to the filter-cake 
resistance. 
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Hence, the filtrate volume increases linearly with the squared filtration time. The average specific 
filter-cake resistance can therefore be calculated from filtrate volume vs. time data. Moreover, the 
relationship between average specific filter-cake resistance and pressure can be measured by 
repeating the filtration experiments at different applied pressures, whereby it is possible to estimate 
the empirical parameters in Eq. (3.20) or (3.21) by using Eq. (3.19). 
 
 
Consolidation stage 
The filtration experiment enters the consolidation stage when the piston touches the filter cake 
(Koenders and Wakeman 1996). Moreover, the accumulation stage and the consolidation stage are 
often analysed separately, as the consolidation stage differs from the accumulation stage in many 
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aspects. No dry matter is added to the filter cake and the filter cake thickness decreases due to the 
compression. Furthermore, a gradually increasing part of the applied pressure is transferred directly 
to the filter cake (Christensen et al. 2006a). Thus, the effective pressure at the top of the filter cake 
increases, whereby the solidosity and specific filter-cake resistance increase as well (Figure 3.4). 
The effective pressure at the filter cake/filter medium interface is equal to the applied pressure if the 
medium resistance is negligible. Hence, the effective pressure, the solidosity and the specific filter-
cake resistance distribution through the thickness of the filter cake change during the consolidation 
stage, whereby the average filter-cake resistance increases.  
 
 
 
 
 
 
 
 
Figure 3.4: The principle of the consolidation stage 
 
It is necessary to identify the transition between the accumulation and the consolidation stage in 
order to analyse the consolidation stage. A common method is to measure the filtrate volume as 
function of time and identify the point where the linearity between filtrate volume and square root 
time ceases. There are different ways of doing this (Tarleton and Wakeman 1999).  
 
Terzaghi and Peck (1948) have developed a model that describe the consolidation of soils assuming 
that all voids are filled with water, there is no interchange of water between solid and liquid, and 
d’Arcys law is strictly valid. The consolidation model has later been used to analyse the 
consolidation stage in filtration experiments (Shirato et al. 1970). Terzaghis consolidation model 
can be derived from Eq. (3.2) and Eq. (3.31a) where Eq. (3.31a) is the mass balance for the liquid in 
the filter cake. 
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where the void ratio (e) can be calculated from the solidosity by using Eq. (3.31b). 
 
φ
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Eq. (3.32) is obtained by inserting Eq. (3.31b) into Eq. (3.31a). 
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Further, Eq. (3.33) can be derived from Eq. (3.32) by using the chain rule. 
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 where av is the coefficient of compressibility and defined in Eq. (3.34) .  
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The Terzaghi consolidation equation can now be derived by differentiating Eq. (3.2) with respect to 
ω, and inserting Eq. (3.23) and Eq. (3.33). It is assumed that the specific filter-cake resistance in Eq. 
(3.2) is constant. 
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where Ce is the consolidation coefficient defined in Eq. (3.36). 
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The consolidation coefficient has been denoted the moisture diffusivity or filtration diffusivity as 
the Terzaghi consolidation equation has the form of a diffusion equation from a mathematically 
point of view (Smiles 1970; Sherwood 1993; Landman et al. 1999). The consolidation coefficient is 
simply the ratio between the filter-cake permeability and the coefficient of compressibility; and a 
measure of how quickly equilibrium is achieved during the consolidation. A high consolidation 
coefficient indicates a rapid consolidation.  
 
It has been assumed that the consolidation coefficient is constant, as it is difficult to solve the 
Terzaghi consolidation equation analytically if the consolidation coefficient varies with pressure 
(Shirato et al. 1970). Moreover, the boundary conditions and the initial effective pressure profile 
through the thickness of the filter cake have to be known in order to solve the Terzaghi 
consolidation equation. The boundary conditions in Eq. (3.37) to (3.39) have often been used as 
well as a uniform initial effective pressure distribution throughout the filter cake (Shirato et al. 
1986). 
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The Terzaghi consolidation equation can now be solved and Eq. (3.40) obtained (Terzaghi and Peck 
1948). 
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Sivaram and Swamee (1997) later modified this solution by making an empirical approximation 
that fits the exact solution to within 3%: 
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The denominator is approximately equal to 1 for U ≤ 0.5. Thus, the filtrate volume increases 
linearly with the square root of time during the initial part of the consolidation stage.  
 
In the above equation it has been assumed that the initial effective pressure is uniform throughout 
the filter cake. Nevertheless, this is not the case when consolidation succeeds an accumulation 
stage. Thus, other solutions have been devised. One such is given in Shirato et al. (1970), who have 
found that the initial effective pressure distribution through the thickness of the filter cake can be 
approximated by a sinusoidal curve for moderately compressible filter cakes. Using the boundary 
conditions in Eq. (3.37) to (3.39) and an initial sinusoidal effective pressure distribution gives Eq. 
(3.42) when the Terzaghi consolidation model is solved analytically (Shirato et al. 1986).  
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This equation has also been used for highly compressible materials such as lignin (Sedin 2003). 
However, poor agreement between the measured and the assumed initial effective pressure 
distribution has been observed (Sedin 2003). Thus, it is not possible to derive an equation that can 
be used for all types of materials and the compressibility of the material has to be known in order to 
make the correct choice. 
 
 
Secondary consolidation 
The Terzaghi consolidation model does not always give a satisfying description of the experimental 
data (Shirato et al. 1974; Wakeman and Tarleton 1999). A proper explanation of such deviations 
could be that the local solidosity in the filter cakes depends not only upon the local effective 
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pressure but also on time. Models exist that can be used to describe the consolidation of such filter 
cakes (Shirato et al. 1974; Sherwood et al. 1991; LaHeij et al. 1996a; Kamst et al. 1997b; 1997a). 
Shirato et al. (1974) and (1986) for example have modified the Terzaghi consolidation model by 
dividing the consolidation into two stages: primary and secondary consolidation. Primary 
consolidation is dominated by dissipation of pore water and collapse of the filter cake global 
structure. Secondary consolidation is dominated by creep, which is a result of the relative 
movements of individual particles into a more stable configuration (Mesri 1973; Chang and Lee 
1998). The mass balance for the liquid has been written as Eq. (3.43) instead of Eq. (3.32)  
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where the first term on the left hand side represents the primary consolidation controlled by 
hydrodynamic effects, while the second term represents the secondary consolidation controlled by 
creep deformation. 
 
Inserting Eq. (3.34) into Eq. (3.43) gives Eq. (3.44). 
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The time-dependent deformation of the filter cake has been describe mathematically by using the 
mechanical analogy shown in Figure 3.5 (Shirato et al. 1974). 
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Figure 3.5: The Terzaghi-Voigt combined model for consolidation. 
 
The primary consolidation is modelled as a spring, and the elastic coefficient of the spring (E1) is 
related to the coefficient of compressibility for primary consolidation (av) as shown in Figure 3.5. 
This approach is similar to that used in the Terzaghi consolidation model for the whole 
consolidation stage. The secondary consolidation is modelled by a so called Voigt element, which is 
a spring and a dashpot in parallel. The relationship between the elastic coefficient for the Voigt 
element (E2) and the coefficient of compressibility for secondary consolidation (ac) is given in 
Figure 3.5 
 
The second term on the left hand side of Eq. (3.44) is then given as Eq. (3.45) (Shirato et al. 1974). 
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Assuming that av, ac and E2/G are constants, differentiating Eq. (3.2) with respect to ω and inserting 
(3.23), (3.44) and Eq. (3.45) gives Eq. (3.46) (Shirato et al. 1974). 
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Eq. (3.46) has been solved using the boundary conditions in Eq. (3.37) – (3.39), and an initial 
sinusoidal effective pressure distribution through the thickness of the filter cake (Shirato et al. 
1974). The result is given as Eq. (3.47) if the time rate of secondary consolidation is much smaller 
than the time rate of the primary consolidation. 
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where B ≡ ac/(av + ac), Θ3 ≡ G/E2, and Θ1 is defined in Eq. (3.48).  
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Furthermore, Eq. (3.49) is obtained if the initial effective pressure is uniform throughout the filter 
cake, and the Sivaram and Swamee approximation is used (Shirato et al. 1974; Sivaram and 
Swamee 1977). 
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3.3. Filtration of activated sludge 
The development of the described filtration theory has been based on filtration of inorganic 
particles, and the theory has later been transferred to filtration of activated sludge. However, several 
features make activated sludge different from inorganic particles (Chang and Lee 1998). Activated 
sludge consists of primary particles (0.5 – 5 µm) and sludge flocs (25 – 200 µm) (Snidaro et al. 
1997; Mikkelsen 1999), where the flocs consist of a complex mixture of bacteria, organic and 
inorganic particles, and extracellular polymeric substances (EPS) (Palmgren 1996). The flocs are 
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highly porous having a fractal-like interior structure with water gabs of various size inside the flocs 
(Li and Ganczarczyk 1990; Snidaro et al. 1997). Large amount of water is bound chemically or 
physically to the surfaces, physicochemically adsorbed due to the osmotic effects of counter ions, 
and/or trapped inside crevices and interstitial spaces (Mikkelsen and Keiding 2002; Vaxelaire and 
Cezac 2004). Furthermore, the properties of sludge change over time due to chemical and microbial 
processes (Nielsen et al. 1996). 
 
It is not well documented how these features affect the dewatering process, but several differences 
between inorganic particles and activated sludge have been reported. The average specific filter-
cake resistance for sludge filter cakes is usually high compared to the resistance found for filter 
cakes of inorganic particles (Tiller and Kwon 1998; Mikkelsen and Keiding 2002). Storage of 
sludge often increases the average specific filer-cake resistance (Rasmussen et al. 1994; Nielsen et 
al. 1996). Moreover, measurements of the solidosity distribution through the filter cake when 
filtrating iron/lime conditioned sludge have not shown a sharp discontinuity between the solidosity 
in the suspension and the solidosity in the filter cake as usually observed when filtrating inorganic 
particle suspensions (LaHeij et al. 1996b). Further, sludge forms highly compressible filter cakes in 
contrast to inorganic particles that form moderately compressible or incompressible filter cakes 
(Tiller and Kwon 1998). Mathematical simulations have shown that highly compressible filter cakes 
form a thin skin layer on the top of the media, which is only a few percent of the whole filter cake 
thickness (Sørensen and Hansen 1993). Most of the pressure drop happens in this thin skin layer 
and the filtrate flow is almost independent of filtration pressure (Sørensen and Hansen 1993). A 
filtration study of activated sludge has shown that the filtrate flow becomes constant above an 
applied pressure of 0.02 bar (Sørensen and Sørensen 1997), and it has been suggested that the 
filterability is quantified by a specific filtrate flow rate (SFF) instead of the average specific filter-
cake resistance (Sørensen et al. 1996). In addition, mathematical simulations of the filtration 
process have shown that the average specific filter-cake resistance calculated from Eq. (3.29) or 
(3.30) is underestimated for highly compressible filter cakes, because the assumption of a constant 
superficial liquid flow resistance through out the thickness of the filter cake is incorrect (Shirato et 
al. 1969; Tiller et al. 1999; Lee et al. 2000a). 
 
Filtration studies have shown that the filtrate volume measured during the accumulation stage does 
not always increase linearly with the square root of time (Notebaert et al. 1975). An explanation 
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may be that not all solid particles in the sludge are deposed at the top of the filter cake, but some of 
the fine particle clog the free flow paths in the filter cake and/or the filter media (blinding) 
(Notebaert et al. 1975). The so-called blinding theory has been supported by measurements of 
turbidity in the filtrate, which decreases during the filtration process. This indicates that an 
increasing amount of fine particles is caught in the filter cake as the filter cake grows (Sørensen et 
al. 1995). Thus, the average specific filter-cake resistance increases during the accumulation stage 
because the pores in the filter cake are blocked by small particles, which results in a non-linear 
dependency between filtrate volume and the square root of filtration time. Some attempts have been 
made to develop mathematical models that describe the blinding process; most of these are purely 
empirical (Notebaert et al. 1975; Tiller et al. 1981; Sørensen et al. 1995; Sørensen et al. 1997; Tien 
et al. 1997). 
 
A study of the consolidation stage has shown two transition points when filtrating conditioned 
activated sludge, whereas only one transition point has been observed when filtrating inorganic 
particle suspensions (Chang and Lee 1998). The consolidation stage for sludge filter cakes has 
therefore been divided into three distinct stages instead of two stages as done when deriving the 
Terzaghi-Voigt combined model (Chang and Lee 1998). These three stages are 
 
1. Primary consolidation 
Dissipation of pore water and collapse of the filter cake global structure. 
 
2. Secondary consolidation  
Particle migration into a more stable stage, which requires the particles to overcome the 
shear stress introduced by highly viscous surface absorbed water between the particles. 
 
3. Tertiary consolidation 
Deformation and compression of individual particles accompanied with erosion of bound 
water. 
 
It has been described how different pre-treatment procedures influence the filterability of sludge 
(Kang et al. 1990; Rasmussen et al. 1994; Chang et al. 1997; Novak et al. 1999; Chen et al. 2004; 
Saveyn et al. 2005). Moreover, different types of sludge have been characterised and the data has 
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been correlated with the average specific filter-cake resistance and the compressibility (Kang et al. 
1989; Houghton and Stephenson 2002; Mikkelsen and Keiding 2002). It is, however, difficult to use 
filtration experiments with activated sludge to develop a link between the physicochemical 
properties of the feed suspension and the filtration result as sludge is a complex mixture of different 
components (Ormeci and Vesilind 2000). Furthermore, the composition varies from plant to plant 
and changes over time due to aging (Ormeci and Vesilind 2000; Nielsen 2002). Hence, the 
dewatering mechanism for activated sludge is not well understood and it is still difficult to predict 
the performance of sludge filtrations. Model materials with properties similar to them found for 
activated sludge have therefore been used in order to improve the understanding of the dewatering 
mechanism (Legrand et al. 1998; Ormeci and Vesilind 2000). Legrand et al. (1998) have 
synthesised anionic hydrogel particles and afterwards filtrated the particles suspensions with 
varying amount of added salt (LaCl3) and cationic polyelectrolytes. The result was compared to 
experiments where sludge was used. Both the sludge and the synthetic hydrogel particles flocculate 
when the number of positive charges from La3+ equals the number negative charge in the sludge or 
gel network; or when the number of charge from high molecular weight polycations equals 10% of 
the negative charge in the sludge or gel network. However, the synthetic hydrogel deswells when 
adding salt and polycations, whereas the sludge does not. Sanin and Vesilind (1996) and (1999) 
created synthetic chemical sludge flocs by mixing polystyrene latex particles, alginate and calcium 
ions. Polystyrene latex particles were used to simulated individual bacteria, alginate was used to 
simulate EPS and calcium ions were used as the bridging ions. Later, cellulose fibres have been 
added to the mixture to simulate filamentous micro-organisms (Ormeci and Vesilind 2000). It was 
found that the average specific filter-cake resistance of the chemical sludge was similar to that 
found for activated sludge. Moreover, it was investigated how addition of cationic polyelectrolyte 
influence the specific filter-cake resistance (Sanin and Vesilind 1996; 1999). 
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4. A study of filter cake properties 
The filtration performance is mainly determined by the filter cake properties as already described in 
section 3. Thus, it is important to have methods for measuring the filter cake properties when 
developing new filtration models. One such method is to consolidate the filter cake while measuring 
the deformation, and afterwards analyse the consolidation data (See section 3.3). In order to do this, 
it is necessary to determine the transition between the accumulation and the consolidation stage. 
This is usually done by identifying the point in time where the linearity between filtration volume 
and square root time ceases (See section 3.2). However, filtrations of sludge show that the filtrate 
volume measured during the accumulation stage does not always increase linearly with square root 
time (See section 3.3). Thus, a new method has been developed to identify the transition point. 
Moreover, the methods, used to obtain and analyse the consolidation data, have been further 
developed in order to avoid some of the needed assumptions and to improve the obtained results. 
Both the elastic (Terzaghi) and the viscoelastic (Terzaghi-Voigt) models have been tested and used 
to study the behaviour of activated sludge filter cakes.  
 
 
4.1. Equipment and materials 
Figure 4.1 shows a sketch of the filtration apparatus used for most of the experiments in this study.  
 
 
 
 
 
 
 
 
Figure 4.1: Filtration/Expression cell with liquid pressure transducer.  
 
Filtration cylinder 
 
Pipe 
Filter media 
Support plate 
Filtrate outlet 
Pressure transducer 
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Filtrations are carried out by placing the filtration cell (cylinder, media and piston) in a controlled 
deformation apparatus. A constant pressure is then applied to the piston while measuring the liquid 
pressure at the sample-piston interface and the piston position. The apparatus is called a 
“filtration/expression cell with liquid pressure sensor” and has been described in more details in 
Sørensen and Hansen (1993) and Novak et al. (1999). Some experiments have been performed by 
using a further modified apparatus, where a membrane transducer (Danfoss MBS 4010, Denmark) 
has been placed at the centre of the piston in level with the piston head so it is possible to measure 
the pressure transferred directly from the piston to the sample (piston pressure, pPiston). The piston 
pressure has been kept constant during these experiments. 
 
Three different materials have been used for the studies: 1) titanium dioxide (anatase) particles as a 
model material for testing the elastic model, 2) poly(styrene-co-acrylic acid) (poly(ST-co-AA)) 
latex particles as a model material testing the viscoelastic model, and 3) activated sludge. The 
experimental details for titanium dioxide particles are found in Andersen et al. (2004), for poly(ST-
co-AA) latex particles in Christensen et al. (2006b), and for activated sludge in Christensen and 
Keiding (2006a) and (2006b). 
 
 
4.2. The transition between accumulation and consolidation 
A new method has been developed to identify the transition between the accumulation and the 
consolidation stage. By definition, the filtration process enters the consolidation stage when the 
piston touches the filter cake, where after a gradually increasing part of the piston pressure is 
transferred directly to the filter cake structure (See section 3.2). Thus, the liquid pressure at the 
sample-piston interface starts to decrease at the transition between the accumulation and the 
consolidation stage, and measurements of the liquid pressure can be used to determine the transition 
point. Figure 4.2 and Figure 4.3 show the result from an experiment where titanium dioxide 
particles have been filtrated. The liquid pressure starts to decrease after approximately 0.9 h or after 
approximately 22 mL filtrate has been squeezed out. Furthermore, for a broad range of compounds 
it has been shown that the liquid pressure starts to decrease before the linearity between filtrate 
volume and square root time ceases (Christensen et al. 2006a). Thus, application of liquid pressure 
measurement is the most accurate method for identifying the transition point. 
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Figure 4.2: Filtration of titanium dioxide particles with an applied pressure of 4 bar (pH 9.2). The 
vertical arrow indicates the transition between the accumulation stage and the consolidation stage. 
Additional information about the experiment is given in Christensen et al. (2006). 
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Figure 4.3: The time/filtrate volume (dashed line) and liquid pressure (solid line) are shown as 
function of the filtrate volume. Data from Figure 4.2 has been used. 
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Figure 4.4: Filtration of 8.1 g/L activated sludge with an applied pressure of 1 bar at 20 °C, pH 7 
and conductivity around 1.0 mS/cm.  
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Figure 4.5: The time/filtrate volume (dashed line) and liquid pressure (solid line) are shown as 
function of the filtrate volume. Data from Figure 4.4 has been used. The vertical arrow indicates the 
transition between the accumulation stage and the consolidation stage. A dotted line has been added 
to illustrate the non-linear relationship between filtrate volume and time/filtrate volume. 
Furthermore, a dashed-dotted line has been added and used to determine the transition point. 
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Figure 4.4 and Figure 4.5 show similar results from an experiment with activated sludge. It is seen 
from Figure 4.5 that time/filtrate volume increases non-linearly with filtrate volume during the 
whole filtration. Moreover, the liquid pressure decreases slightly during the first part of the 
experiment and starts to drop rapidly after approximately 80 mL filtrate has been squeezed out. 
Thus, it has been concluded that 80 mL filtrate has been squeezed out at the transition between the 
accumulation and consolidation stage, and the slightly decreasing liquid pressure during the 
accumulation stage has been ascribed to friction between the piston and filtration cylinder.  
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Figure 4.6: Filtration of 11 g/L activated sludge with a piston pressure of 1 bar. The time/filtrate 
volume (dashed line), liquid pressure (solid line), and the piston pressure (solid line) are shown as 
function of the filtrate volume. The vertical arrow indicates the transition between the accumulation 
stage and the consolidation stage. A dotted line has been added to illustrate the non-linear 
relationship between filtrate volume and time/filtrate volume.  
 
To further improve the method and avoid the problem with friction between the filtration cylinder 
and the piston, a filtration apparatus has been built in which it is possible to measure the pressure 
that is transferred directly from the piston to the sample (piston pressure). Figure 4.6 shows the 
results from an experiment where activated sludge has been filtrated by using the modified filtration 
apparatus. Again, the time/filtrate volume increases non-linearly with filtrate volume during the 
filtration. Moreover, it is seen that the liquid pressure measured at the sample-piston interface 
equals the piston pressure during the initial part of the filtration but decreases after 175 mL filtrate 
has been squeezed out. The transition between the accumulation stage and the consolidation stage 
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can then easily be determined by identifying the point in time where the liquid pressure starts do 
deviate from the piston pressure.  
 
 
4.3. Elastic model for consolidation 
Titanium dioxide particles have been filtrated and the result analysed in order to study the elastic 
model for the consolidation stage. Figure 4.7 shows the degree of consolidation as function of time 
for one such experiment. The Terzaghi consolidation model fit the experimental data well. Thus, the 
filter cake does not creep or creep deformation only constitute a minor part of the consolidation 
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Figure 4.7: Filtration of titanium oxide particles at 2 bar (pH 7.1). The transition between the 
accumulation and consolidation stage has been determined and the consolidation data analysed. 
Terzaghi consolidation model (Eq. 3.41) has been fitted to the experimental data (dashed line). Ce 
calculated to be 2.4·10-8 m2/s. See further details in Christensen and Keiding (2006b).  
 
Another method has been used in which the consolidation coefficient is calculated from the average 
specific filter-cake resistance as well as the coefficient of compressibility by using the definition of 
the consolidation coefficient in Eq. (3.36). The average specific filter-cake resistance during the 
accumulation stage has been calculated by using the measurements of filtrate volume (cf. section 
3.2). Furthermore, the coefficient of compressibility has been obtained by measuring the solidosity 
as function of effective pressure, fitting one of the compressive yield stress functions to the 
experimental data (Eq. (3.15) – (3.17)), and afterwards inserting the compressible yield function 
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and Eq. (3.14) into Eq. (3.34). Eq. (4.1), for example, is obtained by inserting Eq. (3.14) and (3.15) 
into Eq. (3.34). 
 
1
n
gel
v +⋅⋅= napn
a φ
φ
        (4.1) 
 
where pa, φgel and n can be estimated by fitting Eq. (3.15) to measured values of solidosity and 
effective pressure. 
 
The method has been used to calculate the consolidation coefficient for titanium dioxide particles 
filtrated at different pH and pressures (Andersen et al. 2004). It has been shown the calculated 
consolidation coefficients are in the same order of magnitude as the consolidation coefficients that 
have been found using the Terzaghi consolidation model to analyse the data (Andersen et al. 2004). 
Furthermore, the method is to prefer for thin filter cakes where the filtrate volume squeezed out 
during the consolidation stage is low.  
 
A weakness of the above-mentioned methods is the assumption of a constant average specific filter-
cake resistance and compressibility during the whole consolidation stage. A method has been 
developed in order to avoid this problem, and to ensure a known initial effective pressure 
distribution through the thickness of the filter cake (Christensen and Keiding 2006b). The 
suspension is filtrated and the filter cake compressed until the measured liquid pressure at the 
sample-piston interface is lower than 5% of the applied pressure. It can then be assumed that the 
effective structure stress distribution throughout the filter cake is uniform and equal to the applied 
pressure cf. Eq. (3.22). The applied pressure is now stepped up to a new pressure level. This 
initiates the consolidation and the initial effective pressure distribution is uniform throughout the 
filter cake if the time that is needed to increase the applied pressure to the new pressure level is low 
compared to the duration of the consolidation. This condition can easily be controlled. Thus, the 
error due to a varying consolidation coefficient can be minimised using a stepped-pressure filtration 
experiment (Christensen and Keiding 2006b). However, it is difficult to measure the consolidation 
coefficient at low pressures. 
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Finally, it has been shown how it is possible to measure the average specific filter-cake resistance 
and the average filter-cake compressibility directly during the consolidation stage. This has been 
done from measurements of the filtrate volume and the liquid pressure at the sample – piston 
interface. The liquid pressure at the top of the filter cake (pLωc) is known when the liquid pressure at 
the sample – piston interface is measured as the piston touches the filter cake. It is therefore 
possible to solve Eq. (3.25) by inserting Eq. (3.19) and (3.22) whereby Eq. (4.2) is obtained 
(Christensen et al. 2006a). 
 
cR
L,ω
av
c
ω
α
⋅⋅⋅
=
dt
dvJµ
p
        (4.2) 
 
where JR is the correction factor defined by Shirato et al. (1969): 
 
( )∫=
1
0
cR //
ωωd
dtdv
qJ         (4. 3) 
 
JR is equal to 1 when the velocity of the solid particles is zero and the superficial liquid velocity is 
uniform throughout the filter cake. However, the linear velocity of the solid particles at the upper 
part of the filter cake is close to the linear velocity of the liquid phase during the consolidation stage 
whereby q < dv/dt. Thus, JR is lower than 1, and a lower bound for JR has been estimated to be 0.56 
(Lee et al. 2000b). A minimum value of the average specific filter-cake resistance can therefore be 
calculated using Eq. (4.2) and setting JR = 1 while a maximum value can be calculated using the 
same equation and setting JR = 0.56.  
 
Moreover, it is possible to calculate the average coefficient of compressibility (av,av) by using Eq. 
(4.4) (Christensen et al. 2006a). 
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It has been found that the average specific filter-cake resistance increases and the filter-cake 
compressibility decreases during the consolidation stage when filtrating titanium dioxide particles 
(Christensen et al. 2006a). This is expected as the locale specific filter cake resistance increases 
when the filter cake is compressed and the solidosity increases (See Eq. 3.10 – 3.12). Moreover, the 
local coefficient of compressibility decreases with the solidosity (See Eq. 4.1) and therefore the 
average coefficient of compressibility will also decrease.  
 
 
4.4. Viscoelastic model for consolidation 
Poly(ST-co-AA) latex particles with 7% w/w acrylic acid have been filtrated in order to study the 
viscoelastic model.  
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Figure 4.8: Filtration of poly(ST-co-AA) latex particles at 4 bar (Hinge 2005). Notice that the 
degree of consolidation has been plotted as function of square root time. The transition between the 
accumulation and consolidation stage has been determined and the consolidation data analysed. 
Terzaghi consolidation model (Eq. 3.41, dashed line) and Terzaghi-Voigt combined model (Eq. 
3.49, solid line) have been fitted to the experimental data. Ce calculated to be 3.4·10-9 m2/s, Θ3 to be 
3.5 h, and B to be 0.75. 
 
Figure 4.8 shows consolidation data for such an experiment. The Terzaghi consolidation model fits 
the experimental data up to U = 0.2 whereas the Terzaghi-Voigt combined model fits the whole 
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consolidation. Thus, the experimental data confirms that poly(ST-co-AA) latex particles form filter 
cakes that creep. 
 
Figure 4.9 shows liquid pressures measured at the top of the filter cake. The liquid pressure 
decreased from Pappl to zero during the primary consolidation while it was almost zero during the 
secondary consolidation. This result supports the theory that that the compression is rate-determined 
by drainage of the liquid during the primary consolidation but not during the secondary 
consolidation and it is possible to use the liquid pressure measurements to evaluate the estimated 
values for B (Christensen and Keiding 2006b).  
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Figure 4.9: The ratio between the measured liquid pressure and the liquid pressure measured during 
the accumulation stage (relative liquid pressure) as function of the degree of consolidation for the 
filtration experiment shown in Figure 4.8. Eq. (4.5a) - (4.5e) have been used to fit the relative liquid 
pressure by inserting the consolidation data found when fitting the Terzaghi-Voigt combined model 
to the data in Figure 4.8. 
 
Moreover, it has been shown how to calculate the liquid pressure at the top of the filter cake by 
inserting the found values for B, Θ1, and Θ3 into Eq. (4.5a) – (4.5e). These equations have been 
derived from the work of Shirato et al. (1986) and Chang and Lee (1998).  
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The piston pressure equals the measured liquid pressure at the sample-piston interface during the 
accumulation stage. Moreover, Θ1 can be calculated by using Eq. (3.48).  
 
The liquid pressure at the top of the filter cake has been calculated and is shown in Figure 4.9. The 
calculated liquid pressures equals zero during the secondary consolidation as does the measured 
liquid pressures. Nevertheless, the calculations show that the liquid pressure decreases linearly 
during the primary consolidation, whereas the experimental data show a non-linear decrease. The 
deviation between the calculated and experimental data arises because the assumption of a constant 
coefficient of compressibility for primary consolidation is incorrect. Such a non-linear decrease of 
the liquid pressure during the primary consolidation has also been observed when filtrating titanium 
dioxide suspensions and activated sludge (Christensen and Keiding 2006b).  
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It is possible to further test the Terzaghi-Voigt combined model and evaluate the obtained 
parameters by varying the filter cake thickness because Θ1 is a linear function of the squared filter 
cake thickness whereas B and Θ3 are independent of the filter cake thickness according to the theory 
(Christensen and Keiding 2006b). Moreover, stepped-pressure filtrations can be used to ensure a 
known uniform initial effective pressure distribution throughout the filter cake (Christensen and 
Keiding 2006b). 
 
 
4.5. Study of activated sludge filter-cakes 
A series of sludge filtrations have been performed to study the behaviour of sludge filter cakes.  
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Figure 4.10: Filtration of activated sludge at 2 bar. Consolidation of anatase filter cake at 2 bar. 
Terzaghi consolidation model (Eq. 3.41, dashed line) and Terzaghi–Voigt combined model (Eq. 
(3.49, solid line) are fitted to the experimental data. Ce calculated to be 2.5·10-10 m2/s, Θ3 to 8 h, and 
B to 0.15. Further details are found in Christensen and Keiding (2006b). 
 
Figure 4.10 shows an experiment where the consolidation stage succeeded the accumulation stage 
i.e. not a stepped-pressure experiment. The Terzaghi consolidation model does not fit the 
consolidation data whereas the Terzaghi-Voigt combined model does. However the transition 
between primary and secondary consolidation is not as clear as for the filtration of poly(ST-co-AA) 
latex particles, neither when using the plot of degree of consolidation vs. time nor the plot of liquid 
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pressure vs. degree of consolidation. Hence stepped-pressure filtrations have been used instead and 
the thickness of the sludge filter cake varied in order evaluated the estimated values. 
 
A stepped pressure experiment is shown in Figure 4.11. Again Terzaghi consolidation model does 
not fit the consolidation data whereas the Terzaghi-Voigt combined model does. More than 50% of 
the compression is due to creep deformation when consolidating activated sludge filter cakes 
(Christensen and Keiding 2006b), as also shown in another study (Chu and Lee 1999). Moreover, it 
has been shown that the retardation time due to liquid flow resistance increased linearly with the 
squared filter cake thickness, whereas no systematic change in the retardation time due to creep 
deformation was observed (Christensen and Keiding 2006b). This result is consistent with the 
theory. 
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Figure 4.11: Filtration of activated sludge. The applied pressure was increased from 1 to 2 bar after 
45 h. Consolidation of sludge at 2 bar. Terzaghi consolidation model (Eq. 3.42, dashed line) and 
Terzaghi–Voigt combined model (Eq. 3.47, solid line) are fitted to the experimental data. Ce 
calculated to be 1.1·10-10 m2/s, Θ3 to 812 h, and B to 0.53. Further details are found in Christensen 
and Keiding (2006b). 
 
The liquid pressure at the sample-piston interface increased during the first five hours after a 
pressure step or until the transition between primary and secondary consolidation (Christensen and 
Keiding 2006b). This indicated that the primary consolidation was rate-determined by drainage of 
the liquid, but it also showed that the filter cake creeped during the primary consolidation. 
 50
Moreover, creep deformation will also influences the filtration process when the process is rate-
determined by drainage of the liquid, as the specific filter-cake resistance is a function of the 
solidosity. Thus, the often-observed non-linear relationship between filtrate volume and square root 
time when filtrating activated sludge may be a result of a time-dependent deformation of the filter 
cake. The retardation time due to creep deformation is in the same order of magnitude as the 
duration of the accumulation stage. Furthermore, the filter cake is highly compressible. Both these 
observations indicate that creep deformation of the filter cake can influence the accumulation stage 
when filtrating activated sludge. 
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Figure 4.12: The average specific filter-cake resistance when filtrating 92 mL 16 g/L activated 
sludge (squares) and 193 mL g/L 7.3 g/L activated sludge (triangles). The time needed to reach the 
filter cake thickness ωc = 0.2 kg/m2 as well as ωc = 0.6 kg/m2 is shown for both experiments. The 
results are obtained from Christensen and Keiding (2005a). 
 
Two filtrations have been performed in order to study whether creep effects influence the 
accumulation stage when filtrating activated sludge. The total mass of dry matter was similar in the 
two feed suspensions, whereas the dry matter concentration and the sample volume was varied. It 
was thereby possible to vary the time necessary to build up the filter cake. The filter cake thickness 
was calculated using Eq. (3.27) and the average specific filter-cake resistance was calculated using 
Eq. (3.26) and neglecting the medium resistance. The result is shown in Figure 4.12. It is observed 
that the slope of αav(ω) is higher for the diluted suspension, where the filter cake grew slowly, than 
for the non-diluted suspension. 
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Thus, it has been concluded that activated sludge filter cakes creep and it is expected that creep 
deformation of activated sludge filter cake influence the accumulation stage as well as the 
consolidation stage. 
 
 53
5. Model materials for filtration studies 
Activated sludge is a complex mixture of different compounds and it is difficult to use sludge in 
order to study filter-cake creep in more details i.e. to study the mechanism of the time-dependent 
filter-cake deformation and to investigate whether it influences the accumulation stage. An 
alternative is to use a model material, and in this study the following criteria have been set up for 
such a model material: 
 
1. The model material has to be well characterised with regards to size, size distribution, 
charge density, water uptake and functional groups. 
2. The model material has to form filter cakes that creep.  
3. It must be possible to change specific physicochemical properties.  
4. The suspension must only consist of one type of particles 
 
Thus, the chemical sludge flocs created by Sanin and Vesilind (1996) and (1999) are too complex 
for this study. Moreover, the size distribution of the particles that have been used by Legrand et al. 
(1998) is too broad. Hence, others candidates are needed. An interesting group of model compounds 
is monodisperse colloidal latex particles prepared by free-radical surfactant-free emulsion 
polymerisation (Saunders and Vincent 1999). A range of different vinyl monomers can be used to 
prepare latex particles whereby it is possible to vary the physicochemical properties of the latex 
particles (Saunders and Vincent 1999). Two types of latex particles have been synthesised and 
studied. These are: 
 
1. Poly(NIPAM-co-AA) latex particles consisting of N-isopropylacrylamide (NIPAM), acrylic 
acid (AA), and N,N´-methylenebisacrylamide monomers.  
2. Poly(ST-co-AA) latex particles consisting of styrene (ST) and acrylic acid monomers. 
 
Poly(NIPAM-co-AA) latex particles are aqueous gel particles and the degree of swelling depends 
on temperature, pH, and ionic strength (Christensen and Keiding 2004). Poly(NIPAM-co-AA) latex 
particles are soft particles with a high content of water, and it has been shown that poly(NIPAM-co-
AA) latex particles are block copolymers with acrylic acid-rich clusters (Christensen and Keiding 
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2004). 0.8 µm poly(NIPAM-co-AA) latex particles1 have been filtrated and the average specific 
filter-cake resistance calculated to be 1⋅1016 m/kg whereas it for 0.3 µm titanium dioxide (anatase) 
particles2 has been calculated to be 8⋅1012 m/kg (Andersen et al. 2003). This shows that the specific 
filter-cake resistance for poly(NIPAM-co-AA) latex particles was three orders of magnitude higher 
than for titanium dioxide particles. Hence, the particle size is not the only important material 
parameter influencing the average specific filter-cake resistance. Nevertheless, filtrations of 
poly(NIPAM-co-AA) latex particles are time consuming filtrations. 
 
Another candidate is poly(ST-co-AA) latex particles. These latex particles consist of a water 
insoluble polystyrene core and a water soluble polyacrylic acid shell (Pelton 2000). The average 
specific filter-cake resistance increases with the acrylic acid content (Hinge 2005; Christensen et al. 
2006b). Moreover, filter cakes that consist of latex particles with an acrylic acid content > 6.5% 
w/w have been consolidated, and it has been shown that approximately 70% of the compression is 
due to creep deformation (Hinge 2005). The retardation time due to creep deformation has been 
calculated for the consolidation experiments and it has been observed that the retardation times 
increase with that acrylic acid content (Hinge 2005). Thus, it is possible to control the retardation 
time by changing the acrylic acid content in the latex particles. The main problem is that the 
solidosity change caused by creep deformation decreases when the retardation time decreases 
(Figure 5.1). Thus, it is difficult to measure any effects for filter cakes with low retardation times. 
Still, poly(ST-co-AA) latex particles with an acrylic content < 5% w/w have been synthesised and 
studied. The estimated retardation time of the formed filter cake for these latex particles is in the 
same order of magnitude as the duration of the accumulation stage. No creep deformation has been 
observed during the consolidation stage for these particles (Christensen et al. 2006b). However, the 
filtration data indicates that the solidosity increases with filtration time during the accumulation 
stage, whereas no correlation between the effective pressure and the solidosity was observed 
(Christensen et al. 2006b). Thus, the result seems to indicate that creep deformation can be 
observed during the accumulation stage and not only during the consolidation stage for poly(ST-co-
AA) latex particles with low content of acrylic acid.  
 
                                                 
1 Latex particles with 5% w/w acylic acid and a hydrodynamic diameter of 0.8 µm was dissolved in 1 mM KCl at pH 5 
before they were filtrated at 5 bar and 20 °C. 
2 Titanium dioxide (anatase) particles with a hydrodynamic diameter of 0.3 µm were suspended in 1 mM KCl solution 
at pH 8 and filtered at 4 bar and 20 °C. 
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Figure 5.1: Data obtained from Hinge and Keiding (2005), where the dry matter content was 
measured at the transition between primary and secondary consolidation (closed squares), and at the 
end of the consolidation stage (open squares). Moreover data obtained from Christensen et al. 
(2006b) has been used, where the dry matter concentration at time zero (closed triangles) and at the 
end of filtration (open triangles) has been calculated.  
 
Filtration of poly(ST-co-AA) latex particles shows that long, negatively charged, acrylic acid 
polymers at the surface give rise to filter-cake creep (Hinge and Keiding 2005). Further, the 
retardation time due to creep deformation increases with the acrylic acid content, and thereby the 
length of the polymer chains (Figure 5.1). The filter-cake creep might be due to viscoelastic 
compression of the water-soluble polyacrylic acid shell. Moreover, the result might be interesting in 
the understanding of creep deformation of activated sludge filter cakes. The water content in 
activated sludge flocs has been estimated to 0.98 – 0.99% w/w (Chung and Lee 2003). Furthermore, 
extracellular polymeric substances (EPS) contribute with approximately 14% of the total dry matter 
content in activate sludge flocs (Urbain et al. 1993). Hence, the time-dependent deformation of 
activated sludge filter cakes may be a result of expression of internal water from the sludge flocs 
and the resulting compression of EPS. However, it is necessary to further develop model materials 
both to study how the filter-cake creep influences the accumulation stage and to study the 
mechanism of the compression. 
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6. Filtration model for activated sludge 
 
It has been shown that activated sludge filter cakes creep and the retardation time due to creep 
deformation is in the same order of magnitude as the duration of the accumulation stage. Hence, it 
might be expected that the filter cake also creep during the accumulation stage and that this time-
dependent deformation influences the filtration performance as the specific filter cake resistance is a 
function of the solidosity. It has therefore been concluded that the creep effects influence the whole 
filtration also the accumulation stage, i.e. the creep has to be adopted in the filtration model when 
simulating filtrations of activated sludge. 
 
Filter-cake creep has been adopted in the existing filtration model by defining an equilibrium 
pressure, pceq, and an excess pressure, pexcess (Christensen and Keiding 2006a). pceq is the effective 
pressure that is needed in order to compress a filter cake in the equilibrium stage, while pexcess is the 
extra pressure that is needed in order to compress a filter cake that has not reached the equilibrium 
stage. The effective pressure can then be calculated by using Eq. (6.1). 
 
excess
eq
cs ppp +=         (6.1) 
 
It has been assumed that pexcess increases proportionally with pceq and decays exponentially, whereby 
Eq. (6.2) can be derived.  
 
τ
excess
eq
cexcess p
dt
dpk
dt
dp −=         (6.2) 
  
Thus, the effective pressure is given as a value between pceq and (1+k) pceq as shown in Figure 6.1 
(Christensen and Keiding 2006a).  
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Figure 6.1: Effective pressure as function of solidosity 
 
It is possible to determine k and τ by using stress relaxation experiments, where a filter cake in 
equilibrium is deformed instantaneously and the applied pressure is monitored until the filter cake 
reach the new equilibrium stage. The effective pressure throughout the filter cake is equal to the 
applied pressure if the liquid pressure is zero according to Eq. (3.22). Moreover, the effective 
pressure is given from Eq. (6.3) if the compression is reversible. Eq. (6.3) has been derived from 
Eq. (6.1) and (6.2).  
 
⎟⎠
⎞⎜⎝
⎛−⋅⋅+= τΔ
tkppp eqc exp
eq
cs        (6.3) 
 
where eqcpΔ is the difference between the equilibrium pressure before and after the deformation of 
the filter cake.  
 
It is, moreover, possible to derive Eq. (6.3) from the Terzaghi-Voigt combined model. The 
following differential equation can be set up for a stress relaxation experiment by using the 
description of the filter cake used in the Terzaghi-Voigt combined model as shown in Figure 3.5 
(Goodwin and Hughes 2000). 
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Eq. (6.3) is a solution to the differential equation when 
 
γΔγΔΔ ⋅⋅=⋅⎟⎟⎠
⎞
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+−=⋅ −− 112111
eq
c
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EE
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and 
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1 Θτ ⋅−=+= BEE
G         (6.6) 
 
and 
 
γΔΔ ⋅⎟⎟⎠
⎞
⎜⎜⎝
⎛
+= −− 1211
eq
c
1
EE
p         (6.7) 
 
Further, combining Eq. (6.5) and Eq. (6.6) gives Eq. (6.8). 
 
k
k
pp
pB +=+= 10excesseqc
0
excess
Δ         (6.8) 
 
Hence, a link between the constants in the Terzaghi-Voigt combined model and the constants in Eq. 
(6.2) is given in Eq. (6.6) and (6.8). 
 
A stress relaxation experiment has been performed where the applied pressure was monitored for 
approximately 25 hours after the deformation (Christensen and Keiding 2006a). It has been 
observed that at least two relaxation times were needed in order to describe the experimental data 
properly. Thus, the extended Eq. (6.9) was fitted to the measured data instead of Eq. (6.3). It might 
also be possible to insert all the found relaxation times in Eq. (6.2) but in this study it has been 
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avoided in order to keep the model as simple as possible. The relaxation time closest to the duration 
of the accumulation stage has been used instead. 
 
⎟⎟⎠
⎞
⎜⎜⎝
⎛−⋅⋅+= ∑
= i1
eq
cs exp τΔ
tkppp
n
i
i
eq
c       (6.9) 
 
The first relaxation time (τ1) has been calculated to be 0.54 hr and the second relaxation time (τ2) to 
be 7.3 hr. Furthermore, pceq has been calculated to be 230 kPa, Δpceq to be 130 kPa, k1 to be 2.3, and 
k2 to be 0.86 kPa. Inserting the values from the stress relaxation experiment i.e. τ2 and k2 into Eq. 
(6.7) and (6.9) gives Θ3 = 14 hr and B = 0.46. Similar results have been obtained from stepped 
pressure experiments of activated sludge where the applied pressure was increased from 2 to 3 bar. 
The result from these experiments is Θ3 = 13 ± 2 hr and B = 0.49 ± 0.02 (Christensen and Keiding 
2006b).  
 
The same equation is derived for stress relaxation experiments when Eq. (6.1) and (6.2) are used 
and the Terzaghi-Voigt combined model is used. Nevertheless, there is also an important difference 
between the two models as it is assumed that the coefficient of compressibility (av) is constant in 
the Terzaghi-Voigt combined model. This is avoided when using Eq. (6.1) and (6.2). It is well 
known that the coefficient of compressibility is not constant cf. Eq. (3.15) – (3.18). Thus, the 
Terzaghi-Voigt combined model seems only to be valid for small compressions of the filter cake as 
in stepped pressure filtration experiments. Moreover, Eq. (6.1) and (6.2) are easily incorporated in 
the existing filtration models, and most of the input parameters for the new filtration model can be 
determined in the same way as done for the conventional filtration models (cf. section 3) whereas 
the remaining input parameters, i.e. k and τ, can be found using stress relaxation experiments.  
 
Eq. (6.1) and (6.2) have been inserted in the existing filtration model and numerical simulations 
have been performed using the lowest relaxation time from the stress relaxation experiment. It has 
been shown that the new filtration model fits experimental data well (Christensen and Keiding 
2006a). Moreover, the model is capable of being scaled both with respect to volume and dry matter 
concentration in the feed suspension (Christensen and Keiding 2006a).  
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7. Conclusion 
 
The key objectives in filtration dewatering are fast filtrations and high dry matter content in the 
formed filter cakes. Several filtration models have been developed to calculate the performance of 
filtrations. These models are suitable when simulating filtration processes of moderately 
compressible materials, but often not when simulating filtrations of highly compressible materials 
such as activated sludge. This suggests that the assumption in the state-of-art models may not be 
fulfilled. 
 
The filtration performance is mainly determined by the properties of the filter cake i.e. the specific 
filter-cake resistance and the filter-cake compressibility. Activated sludge filter cakes have been 
studied during the consolidation stage where the piston touches the filter cake. The thickness of the 
filter cake has been calculated directly from the piston position. Moreover, a pressure transducer has 
been connected to the piston by a pipe in order to measure the liquid pressure at the top of the filter 
cake and thereby calculate the average specific filter-cake resistance and the average filter-cake 
compressibility. It has further been shown how liquid pressure measurements can be used to 
identify the transition between the accumulation and the consolidation stage. 
 
Consolidation experiments show that the activated sludge filter cakes creep i.e. the solidosity 
increases at constant effective pressure. Moreover, creep controls more than half of the compression 
during the consolidation stage. A stress relaxation experiment has been performed, and two 
relaxation times were found, where the highest time constant was similar to the calculated 
retardation time for creep deformation found when using the Terzaghi-Voigt combined model to 
analyse the consolidation data. Both relaxation times are in the same order of magnitude as the 
duration of the accumulation stage. Moreover, other experiments have shown that the average 
specific filter-cake resistance increases during the accumulation stage, which might be due to creep 
effects.  
 
In order to study this phenomenon in more details, well-characterised synthetic poly(ST-co-AA) 
latex particles have been synthesised. Filter cakes that consist of poly(ST-co-AA) latex particles 
creep and the retardation time due to creep deformation increases with the acrylic acid content of 
the latex particles. Thus, it is possible to study how different values of the retardation time influence 
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the filtration process. Latex particles with retardation time in the same order of magnitude as the 
duration of the accumulation stage have been synthesised, and simultaneous measurements of liquid 
pressure and solidosity through the filter cake indicate a small time-dependent increase of the 
solidosity. The result shows that the solidosity is a function of time and not only the effective 
pressure during the accumulation stage for such soft particles.  
 
The reason for the poor agreement between the filtration models and the experimental filtration of 
biological sludge may therefore be due to creep deformation of waste-activated sludge filter cakes. 
A viscoelastic model has been developed; where the relaxation times are adopted in one of the 
conventionally used filtration models. Numerical simulations show that the filtration model fits 
experimental data for activated sludge filtrations, well. Furthermore, it has been shown that the 
model is capable of being scaled with respect to volume and dry matter concentration in the feed 
suspension.  
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Nomenclature 
 
Roman letters 
ac Coefficient of compressibility for secondary consolidation [Pa-1] 
av Coefficient of compressibility for primary consolidation [Pa-1] 
av,av Average coefficient of compressibility defined in Eq. (4.4) [Pa-1] 
B  Ratio between secondary consolidation and total consolidation [-] 
c   Ratio between deposed solid material and filtrate volume [kg⋅m-3] 
Ce Consolidation coefficient [m2⋅s–1] 
D  Hydrodynamic diameter [m] 
dv/dt  Filtrate flux [m⋅s-1] 
E1 Elastic coefficient of the Terzaghi element [Pa] 
E2 Elastic coefficient of the Voigt element [Pa] 
e  Void ratio defined as the ratio between the liquid and the solid volume [-] 
G Viscosity of the Voigt element [Pa·s] 
JR Correction factor defined in Eq. (4.3) [-] 
k Empirical constant [-] 
K  Kozenys constant [-] 
kp  Filter cake permeability [m2] 
m, n Empirical constants [-] 
M  Average ratio of mass of wet filter cake to the mass of dry filter cake at the transition 
between the accumulation and the consolidation stage [-] 
pa Empirical constant [Pa] 
Pappl  Applied pressure [Pa] 
pceq  Equilibrium pressure [Pa] 
Δpceq  Difference between the equilibrium pressure before and after a deformation step [Pa] 
pexcess  Excess pressure [Pa] 
pL  Liquid pressure [Pa] 
pPiston Piston pressure, i.e. the pressure transferred from the piston to the sample [Pa] 
ps  Effective pressure [Pa] 
Δps  Maximum increase of the effective pressure during the consolidation stage [Pa] 
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Py(φ) Compressive yield stress [Pa] 
p1  Effective pressure at the top of the filter cake [Pa]  
p2  Effective pressure at the bottom of the filter cake [Pa] 
q  Superficial velocity of the liquid relative to the solid particles [m⋅s-1] 
r(φ) Interaction parameter [-] 
R  Gas constant [J⋅K-1⋅mol-1] 
Rmem  Medium resistance [m-1] 
Re Reynolds number [-] 
s  Mass fraction of solid in a feed suspension [-]  
T  Temperature [K]  
t Filtration time [s] 
tc  Consolidation time [s]  
U  Degree of consolidation [-] 
vc   Filtrate volume squeezed out during the consolidation stage until tc [m] 
v∞   Filtrate volume squeezed out during the consolidation stage until tc → ∞ [m] 
x    Position measured from the filter medium [m] 
  
Greek letters 
α  Local specific filter-cake resistance [m⋅kg-1]  
α0  Empirical constant [m⋅kg-1] 
αav Average specific filter-cake resistance [m⋅kg-1] 
φ Solidosity [-] 
φav  Average solidosity in the filter cake [-] 
φgel  Gel point – Solidosity below which the suspension is not networked [-] 
φm  Solidosity for random closed packed mono-disperse particles (equal to 0.64) [-] 
φ0  Solidoity at null effective pressure [-] 
γ Strain [-] 
κ(φ, ps)  Dynamic compressibility [s-1⋅Pa-1] 
µ Viscosity of the liquid [Pa⋅s] 
ν  Linear velocity of the liquid relative to solid particles [m⋅s-1]  
Θ1  Retardation time due to liquid flow resistance of Terzaghi element [s] 
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Θ3  Retardation time due to creep deformation of the filter cake [s] 
ρL  Density of liquid [kg⋅m-3] 
ρs  Density of the solid material [kg⋅m-3]  
τ  Relaxation time [s] 
τd  Dummy variable for representing an arbitrary consolidation time ranging up to the given 
consolidation time, tc [s] 
ω  Material coordinate measured from the filter medium [kg⋅m-2] 
ωc  Weight of filter cake per unit area [kg⋅m-2] 
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